Abstract. In this paper, we solve the optimal investment problem when the investor gets labor income and may have a wage increase. We assume the investor has constant absolute risk aversion(CARA) utility and obtain closed form solutions.
Introduction
In Merton [4] , the optimal investment and consumption policies of an investor in a continuous time were investigated by using dynamic programming principle. It is assumed that the investor's portfolio consists of the risk free asset(bank account) and the risky asset which is assumed to follow a geometric Brownian motion. In this paper, we assume that the investor has a chance to get a wage increase before retirement time T . We consider two cases. First, the time of wage increase is a predetermined time T 1 < T . Second, investor gets a wage increase at a random time τ .
The model
Let us consider a portfolio composed of a risk free asset with rate of return r and a risky asset with the dynamics(geometric Brownian motion) dp
where B t is a standard Brownian motion on a probability space (Ω, F, P ). Let {F t } t 0 be an augmentation of the natural filtration generated by two independent random variables B t (t 0) and a random time τ .
From Merton [4] , if there is no labor income, the wealth process is given by dW t = [rW t + π t (µ − r)]dt + σπ t dB t , where π t is amount of investment in risky asset and the value function is given by
U (·) is the utility function and we assume that
The optimal portfolio in risky asset is
If the investor gets labor income, dW t = [rW t +π(µ−r)+Y t ]dt+σπ t dB t , where Y t is labor income rate. It is not rational that the investor gets his wage at constant rate all the time while he is working. Rather, it is reasonable to assume that working people sometimes has chances to have a wage increase in the event of promotion, etc. We assume that the investor has one chance of income increment over the horizon T, which is the fixed time of retirement. Let us consider two different cases:
Case(1) With finite horizon T , investor gets an increment in income rate at a predetermined time T 1 < T . In this case,
This situation can be interpreted as follows. An employer and an employee make a contract that employee is guaranteed to get an increase in income at a predetermined time T 1 . Case(2) With finite horizon T , investor gets an increment in income rate at a random time τ , for example a stochastic variable with exponential type distribution. In this case Y t = ε for 0 t < τ , Y t = ε + δ for τ t. Suppose that an employee wants to get his wage on his ability, so he prefers to obtain increase in income at an uncertain time. This time, of course, is assumed to be earlier if an employee is of more ability. But his efficiency is not deterministic because of accidents, sickness, etc. Possibly, the investor could not have income increase before T.
If an employee could choose one of the two types of income stated above and he seeks to maximize expected utility of terminal wealth, which one should he choose? Assume the utility function is of constant absolute risk aversion (CARA) type, i.e.,
U (x) = − 1 η e −ηx with η > 0.
Determination of value functions

Case(1): Predertermined jump time of income
We consider
where 1 {·} is an indicator function. We determine V (W, t) for T 1 ≤ t ≤ T first and find V (W, t) for 0 ≤ t < T 1 later. For this, let 
e −r(T −t) ]e r(T −t) e
In this case, the optimal portfolio in the risky asset is also given by
Proof. The certainty equivalent present value of labor income, P (Y, t) is given by
is obtained by substituting W in (2.1) with modified initial wealth W + P (Y, t). Hamilton-Jacobi-Bellman equation for V 1 (W, t, δ) is given by
and the following value matching condition at t = T 1
(We can think of δ1 {T 1 t T } as some kind of flow payoffs. Miao and Wang [3] consider lump-sum and flow payoffs and present no bubble conditions, value matching conditions at the time when one of two above payoffs types is provided.). To slove (3.4) with (3.5), (3.6), conjecture
. After substituting this conjectured form into (3.4), subject to (3.5), (3.6), we get
So, we obtain V 1 (W, t, δ) and the optimal portfolio π * .
Case(2): Random jump time of income
Let us introduce probability structure of our jump process. Let f (t)h + o(h) be the probability of income jump in (t, t + h) with f (t) containing its own parameters . Denote our jump time by τ . Then τ has cumulative distribution function
Let us consider an artificial random variable x(t) such that x(t) = 0 for 0 t < τ , x(t) = 1 for τ t T. 
